Vafa's F-theory [1] provides an elegant way to do string compactifications [2] [3] .
Geometrically, a compactification is realized by an elliptically fibered Calabi-Yau space.
The sum of dimension of the base space and that of the noncompact spacetime is 10.
Together with the hidden torus, the total dimension is 12. When the torus is degenerate, one finds a collection of coincident 7-branes. It is possible that the theory can be formulated in 12 dimensions [1] [4] [9] . For discussions on other aspects of the theory, see [5] [6] [7] [17] [8] [18] . In its original formulation, the compact space is an elliptically fibered K3 with base space S 2 [1] . It was conjectured to be dual of the heterotic string compactified on R 8 × T 2 . On the F-theory side, 24 D7-branes are required. At a generic point of the moduli space, all 24 7-branes are separated. Naively, one expects a gauge group U (1) 24 , contradicting the fact that the rank of the gauge group of 8 dimensional heterotic string is 20. Indeed, some linear combinations of abelian gauge fields on 7-branes are Higgsized [10] , as a result of couplings between closed string fields and D-brane fields. In this paper, we point out that as a result of duality between F-theory and heterotic string, some gaugino bilinears are coupled to R-R anti-symmetric tensor fields. These couplings can be computed in principle as mixed amplitudes of brane fields and closed string fields on a disk.
By T-duality, one deduces similar couplings on D-branes other than 7-branes. The most interesting application of these couplings is supersymmetry breaking triggered by gaugino condensation, much as what happens in heterotic string in 4 dimensions [11] .
We start with a comparison between the low energy effective action of 8 dimensional heterotic string and IIb string compactified on S 2 . Let the area of this S 2 measured in 10D
Einstein metric be V (S 2 ). The relation between the 8D heterotic string coupling constant λ 8 and V (S 2 ) is λ 8 = V (S 2 ), as pointed out in [12] where no derivation was given (see also [7] ). Here we give a simple derivation of this relation. Let G 8 denote the 8D Einstein metric, and G 10 the 10D IIb Einstein metric. By comparing the 10D Einstein action to the 8D Einstein action, one deduces
It is easy to see that the gauge field action on the heterotic side, written in terms of 8D Einstein metric, is
Interpreted as gauge field on a 7-brane, the action is
where G s is the 10D IIb string metric, and λ the 10D IIb string coupling constant. On the L.H.S. of the above equation, F 2 is constructed using G s , and the same quantity on the R.H.S. is constructed using G 10 . Finally, using
This compared with (1) tells us that λ 8 = V (S 2 ). So the relation between the 10D IIb Einstein metric and 8D Einstein metric can be written as
This relation will be relevant in our derivation of coupling of gaugino bilinears on a 7-brane to antisymmetric tensor fields.
Now we are ready to derive the coupling of the bilinears of gauginos on a 7-brane and R-R tensor fields. First, let χ 8 be a gaugino in the heterotic string with standard kinetic
The low energy action of 8D N = 1 supergravity coupled to vector multiplets was discussed in [13] . In particular, there is a coupling betweenχ 8 γ µνρ χ 8
and H µνρ , the strength of the standard antisymmetric tensor field:
where we have used the fact that the scalar field σ in the first reference of [13] has a relation to λ 8 as e σ = λ
On the F-theory side, there is no zero mode from B µν and C (2) µν , as a result of the nontrivial SL(2, Z) bundle over S 2 [1] [10] . However, in the IIb theory there is a rank 4 R-R tensor field C (4) . Since it is SL(2, Z) singlet, it has a zero mode. When restricted to R 8 , one obtains a rank 4 tensor field, still denoted by C (4) , and a rank 2 tensor field which is dual to C (4) in 8 dimensions. Apparently, it is the dual of C (4) that corresponds to B, the standard rank 2 tensor field in the heterotic string. If the conjectured duality holds, then the coupling (3) tells us that there ought to be a coupling between the field strength of C (4) and the bilinear of the gaugino. Naturally, we would like to cast the coupling in terms of the original 10D IIb Einstein frame. Let χ be the gaugino on a 7-brane, normalized against the IIb Einstein frame. Let χ (3) =χγ µνρ χdx µ ∧ dx ν ∧ dx ρ , where the gamma matrices are also defined in term of the IIb Einstein frame. We shall now show that there is the coupling
on the 7-brane. All we have to do is to obtain the relation between H and H (5) with the correct normalization. To do this, recall from [13] that the Einstein equation in 8D when H is not zero can be written schematically as
where everything is written in terms of the 8D Einstein metric. The Einstein equation when H (5) nonvanishing was written down in [14] . Also schematically, it is 
where the dual is defined against the 8D Einstein metric. To finally derive (4), we need the relation between χ 8 and χ. Using (2) it is easy to see that χ 8 = λ −7/12 8 χ. Substituting this relation and (6) into (3) one derives (4) . Despite all strange powers of λ 8 , the final result is independent of this 8D heterotic string coupling constant. The coupling (4), derived from duality between F-theory and 8D heterotic string, can be computed by the standard string technique. In order to see that this is indeed possible, we want to recast the coupling in terms of the 10D IIb string metric. H (5) remains the same.
Again let λ be the IIb string coupling constant in 10 dimensions. The relation between the 10D Einstein metric and the 10D IIb string metric, G s , is G 10 = λ −1/2 G s . And the relation between χ and χ s , normalized against the string metric, is
be the corresponding bilinear defined in string metric. So there is relation
s . Thus, the coupling (4) becomes
s .
The weight λ is expected, as the corresponding amplitude is a disk amplitude with insertion of a R-R closed string vertex operator and two open string vertex operators on the boundary. (For a standard propagator, each fermion vertex operator carries a weight √ λ, the R-R vertex operator carries a weight λ, and the disk contributes a weight λ −1 .) It is gratifying that the coupling, which we have derived via a convoluted route of argument, agrees with standard string calculation. This certainly lends another piece of evidence for duality between F-theory and heterotic string.
Before turning to discussion of other similar couplings, it may be useful to point out that, according to [14] , H (5) is not simply 5dC (4) . Since under gauge transformation, say,
where B is the NS-NS antisymmetric tensor field. Apparently, this definition is invariant under SL(2, Z). κ 2 is the 10D Newton constant as defined in [14] . We have also changed notations of [14] to conform with more conventional notations. On a 7-brane, naturally one wonders whether couplings
also exist. The following simple argument quickly rules out the first coupling. For a 7-brane defined as a D-brane on which a (1, 0)-string ends, C (2) is not invariant under the monodromy created by presence of the 7-brane. After following the loop encircling the 7-brane in the transverse space,
is not defined canonically. This argument does not rule out the second coupling. H (7) is the field strength of C (6) which is dual to C (2) . Under the monodromy, C (6) is invariant while B (6) is not. Note that the coupling H (7) ∧ χ (1) is not forbidden by duality between F-theory and the heterotic string in 8 dimensions. When restricted on the world-volume of the 7-brane, H (7) can be written as dual of ∂ µ C
ij . Now C
ij does not have a zero mode on S 2 , thus this coupling does not give rise to a coupling to a massless bosonic field in 8 dimensions. Despite all this, we believe that this coupling does not exist. A simple argument is that when written against the 10D Einstein metric, one would obtain a strange weight √ λ for the coupling. An explicit calculation is necessary to assure this claim. Similar couplings on other Dp-branes can be deduced from (4) using T-duality. Consider, for example, a 6-brane in the IIa theory. A 6-brane can be obtained by wrapping a 7-brane on a circle S 1 and T-dualizing on this circle. Coupling (4) reduces to the couplings
where H (5) is simply the original H (5) restricted in noncompact spacetime R 9 , and H (4) is its dual in 9 dimensions. Interpreted in the IIa theory, H (4) is the field strength of C (3) .
The first coupling in (9) is lifted to 10 noncompact spacetime as
while the second coupling, when lifted to 10 noncompact dimensions, is
where i, j, k are indices tangent to the 3 transverse dimensions. Similar couplings on lower dimensional D-branes can be obtained in a similar way.
We now turn to a discussion of gluino condensation. When compactified on an elliptic Calabi-Yau space, enhanced gauge symmetry is obtained when several 7-branes coincide. Exactly what gauge group occurs is determined by the type of singularity [2] [3]. The coupling (4) certainly generalizes to
for a non-abelian gauge group. Again this is similar to what happens in the heterotic string. Now, one might think that further discussion of gluino condensation and SUSY breaking triggered is redundant, since it may be exactly parallel to that of [11] . This is not the case in F-theory. The reason is simply that the original discussion of [11] depends on Calabi-Yau threefold compactification. While to obtain a N = 1 4D string theory, the F-theory is going to be compactified on a Calabi-Yau fourfold. The base space of this fourfold has 3 complex dimensions, but is not a Calabi-Yau threefold itself. Furthermore, the singular locus which 7-branes wrap around in general has different geometric features than those of a Calabi-Yau threefold. When F-theory is compactified on a Calabi-Yau (n + 1)-fold, the unbroken supersymmetry is believed to be N = 1 supersymmetry in 10 − 2n dimensions. Although there is no doubt that this must be true, local geometric conditions for unbroken SUSY has not been stated explicitly in the existing literature. Consider the simplest case when the Calabi-Yau is K3. This is a IIb theory compactified on S 2 . Existence of 7-branes induces a metric [15] as well as an auxiliary U(1) gauge field [14] on S 2 . The supersymmetry parameter in the IIb theory has a charge 1/2 with respect to the U(1) gauge field. For a 7-brane, the spin connection is exactly equal to the auxiliary U(1) connection [16] . So for a 2d chiral spinor, there exists a covariantly constant spinor. This spinor is actually constant and gives rise to the 8D N = 1 supersymmetry. For a general Calabi-Yau (n + 1)-fold, the base space B is a dimension n complex manifold. Now the field strength of the auxiliary U (1) gauge field has only nonvanishing components F ij , where we use complex coordinates z i on the base space. This is easily seen using definition of the U (1) gauge field in [14] and the fact that the complex coupling τ is a holomorphic function on the base space. Existence of a single covariantly constant spinor on the base space then implies that R ij ǫ = F ij ǫ and R ij ǫ = Rījǫ = 0. The second condition is met when the base space is Kähler. For a Kähler manifold, the holonomy group is U (n). The first condition implies that the n × n Hermitian matrix R ij has exactly one eigenvalue equal to F ij . Note that we have assumed that ǫ has a positive chirality, and so is in the fundamental representation of the holonomy group U (n). In addition to the above condition, there is a further condition for the unbroken SUSY. This comes from SUSY transformation of the dilatino [14] :
where the dots denote terms associated to field strengths of antisymmetric tensor fields B and C (2) . These are vanishing upon compactification; p M is a current constructed from τ . For our purpose, it is enough to know that p M ∼ ∂ M τ . Since τ is holomorphic, so δλ ∼ γ i p i ǫ * , where γ i are gamma matrices in holomorphic tangent directions. If γ i ǫ * = 0, or γīǫ = 0, then δλ = 0 is satisfied. Using this we find that R ij ǫ = R lk ij g lk ǫ. Then the condition derived in the previous paragraph says that the Ricci tensor of the base space is equal to F ij . This is not very strong condition, given that γīǫ = 0. Concrete cases where τ is a constant have been discussed recently [17] [18] , where it is find that the base space is always a flat orbifold of torus. This certainly conforms with the condition presented above. The condition γīǫ = γ i ǫ = 0 can be rephrased as stating that ǫ is the ground state, if γ i are regarded as annihilation operators and γī as creation operators.
There may be solutions other than γ i ǫ = 0, this can be seen by observing δλ = p i γ i ǫ * using a Fock basis for ǫ * . However, when the Ricci tensor is equal to F ij , ours is certainly a solution, and there must be no other solutions, otherwise the unbroken SUSY is larger than N = 1. For the rest of this paper, we shall assume R ij = F ij . We do not know whether our condition is sufficiently generic. Further exploration of this issue will involve detailed study of elliptic fibrations. In the rest of this paper, we assume a compactification on a Calabi-Yau fourfold in which enhanced gauge symmetry occurs. Mathematically, there is a four dimensional submanifold of the base space on which the fiber tori degenerate. Physically, this sub-manifold is part of 7-brane world-volume. The effective field theory in the remaining four noncompact dimensions is a N = 1 Super Yang-Mills theory. Typically, gluino condensation will occur, and we want to know whether SUSY is broken as a result of the condensation. The simplest signal is the appearance of a goldstino. The original dilatino can not be part of the goldstino. This is because, on the one hand, it is most likely that zero modes of dilatino are paired with some linear combinations of gauginos and gain mass, as what actually happens in 8 dimensions [10] . On the other hand, the SUSY transformation δλ, as mentioned before, contains terms depending on field strengths of rank 2 anti-symmetric tensor fields. The supercovariant version of these field strengths contain only bilinear of gravitino, and bilinear mixing gravitino and dilatino [14] . Aside from gauginos themselves, one candidate for goldstino is the new dilatino which must be a linear combination of gauginos. Since the SUSY transformation of this dilatino has not been worked out, we will take a look at the gravitino, whose SUSY transformation is [14] 
When 7-branes are present, λ ceases to be massless, and the new 8 dimensional dilatino must come as a linear combination of gauginos [10] . On a general ground, not only one expects the presence of bilinear of the new dilatino, one also expects bilinear of all other gauginos. So we deduce thatĤ (5) contains a term trχγ µ 1 ...µ 5 χ, where indices µ i are tangent to 7-brane world-volume. This term is in perfect harmony with the coupling (4), since supersymmetrization of (4) eventually will force us to modify H (5) to include this bilinear.
We shall denote this bilinear simply by χ (5) .
On the world-volume of 7-branes, χ (5) is dual to χ (3) . If gluino condensation happens in such a way that χ (3) has a component only in the compact part of the world-volume, then coupling (4) and δψ µ = 0 indicate that SUSY is broken. Obviously δψ M ∼ γ Mγ5 , whereγ 5 is the product of four gamma matrices γ µ , so the "diagonal part" γ M ψ M must be part of the goldstino. To understand this issue clearly, first we need to see how the massless gluinos in 4 dimensions arise upon compactification. Apparently, the gluinos are coupled to spin connection on the 4D sub-manifold Σ which 7-branes wrap around. The spin connection is the one induced from that of the base space B which has three complex dimensions. This can not be the whole story, as we have seen that generically B is not Ricci flat so Σ is not Ricci flat either. As a consequence a gaugino can not have a zero mode if it is coupled only to the spin connection. It must be that gauginos are topologically twisted, as suggested in [19] . The fact that Σ is a singular locus of the elliptic fibration on B implies that Σ is a holomorphic cycle. The usual criterion of supersymmetric cycle [20] is satisfied. To see this, let us write down the condition for a four circle
where we used X m as the real coordinates of B and y α as real coordinates of Σ, h = det(h αβ ) and h αβ is the induced metric on Σ. Assuming that B is Kähler, so as a holomorphic sub-manifold Σ is also Kähler. Switch to complex coordinates, and use the fact that ǫ is annihilated by "holomorphic" gamma matrices γ i , it is straightforward to see that the above condition is satisfied for the minus sign. Thus, the gaugino zero mode must be certain reduction of ǫ to a spinor on Σ. Let γ a a = 1, 2 denote the "holomorphic" gamma matrices on Σ, and let the reduction be ψ. Apparently, for an elliptic fibration when γ i ǫ = 0, then γ a ψ = 0. ψ can be assigned with a definite chirality on Σ. It is easy to see that the bilinear χ (3) Note that, although both in the F-theory context and in the heterotic string, it takes bilinear χ (3) to trigger SUSY breaking, the details are quite different. In the heterotic string, χ (3) has only purely holomorphic component and purely anti-holomorphic component, both are covariantly constant as guaranteed by Calabi-Yau threefold. In F-theory, χ (3) lives on the four dimensional locus Σ, so it must have components of mixed type.
If χ (3) is covariantly invariant, one may derive strong constraints on geometry of Σ.
Equivalently, one requires f a as well as fā be covariantly invariant. For a induced Kähler metric, it is easy to see that this implies that f a is holomorphic, and fā anti-holomorphic.
Note that the original quantity χ (5) can be written directly in terms of these vectors. For example,χγ µ 1 ...µ 4 a χ ∼ ǫ µ 1 ...µ 4 g ab fb.
In the above discussion, we have ignored a factor proportional to condensate of the gluinos in 4D noncompact spacetime. We have shown that indeed gluino condensation triggers SUSY breaking. This must be the case, given that sometimes F-theory compactified on a Calabi-Yau fourfold is dual to the heterotic string compactified on a Calabi-Yau threefold. This happens when the base space B is rationally ruled, that is, it is a holomorphic fibration on another base space B ′ with fiber S 2 [7] . Although technically the details are quite different, we do expect discussions concerning SUSY breaking in the heterotic string [11] have parallel here, for example, the cosmological constant remains vanishing. In the heterotic compactification, it is possible to consider a nonvanishing torsion with a nontrivial warp factor [21] . A similar situation was recently discussed in [22] for M-theory compactified on an eight-manifold. We now show that compactification with a warp factor is also possible for the IIb theory 1 . Here in addition to fibration function τ , a nonvanishing H (5) is necessary. A nonvanishing H (5) may be caused by the existence of D3-branes transverse to the compact six-manifold. When some D3-branes are introduced, their charge is assumed to be cancelled by that caused by curved geometry, for instance the orbifold points. LetĜ be the original 10D IIb metric, and let the compactification is such thatĜ = exp(2σ)G, where σ is a function on the base space B. The covariant derivative becomesD
where the gamma matrices are defined against metric G. Of course D M contains the auxiliary U (1) connection. The SUSY transformation (13) now becomes
To preserve the 4D Minkowski spacetime, D µ ǫ = 0. Then δψ µ = 0 demands a nonvanishing H 
can be re-written as
where we have used the self-duality of H 
Again, in order to satisfy δλ = 0, we assume that B is a complex manifold and use z i as its complex coordinates, so that γ i ǫ = 0. Written in term of the complex coordinates, the covariant derivativesD m areD 
An immediate consequence of this equation is that B can not be Kähler. If it were, then Rīj = 0, and we would have the condition, after carefully analyzing the above equation, gī l Dj∂ l σ = δī j g ll Dl∂ l σ, which can not hold, as can be seen by taking the trace overī,j. So, in order to satisfy (20) , Rlk il can not be vanishing. Finally, the integrability condition [D i ,Dj]ǫ = 0 says
It should be possible to choose a metric and σ to satisfy both (20) and (21) . We shall leave a detailed analysis of these equations, and possible gluino condensation on both 7-branes and 3-branes to the future.
Gluino condensation is a phenomenon of low energy field theory. It would be interesting to explore interconnections between gluino condensation discussed herein and genuinely stringy mechanism, such as D-instanton generated superpotential discussed in [7] . One might argue that the two are completely different phenomena. However, as observed in the second reference of [17] and [23] , closed string nonperturbative backgrounds can be probed by field theory effects of D-branes, it is then possible that sometimes stringy effects and field theory effects are one and the same thing.
